
 

Important Announcements

assignment 1 is due this Friday Jan 24

review session by TA on Monday

notation random variable upper case

outcome space set
of a r v caligraphic

upper case

outcome of a r v lower cas x

X e X x x2 Xn

IP The riv X is sampledaccording
to the distribution IP

typo RV section YEYE 0,13

two ways to describe a discrete random experiment

cont r v statements

question in pastlecture infinite outcome setpossible



Yotivations Supervised Learning Learning from a

rlympemsald.ba chof Labeled data

Dataset
Learner Predictor
function Model

tuple of tuples Hypothesis

Inertia
function

D Ei Yi 2,72 _Enien f X Y

DE X Y f a function from features
to labels

Xi Y R E fix 2 1 X R
independent for all iE boogn

D n feature label pairs A Xx 4 flt X y

set of features A a function fromdatasets
y set of labels targets to predictors

Ex X R Y R Ex A D f where f x Y

fix
i if x xi for some

i 1

0 otherwise



Probability
EtesHumanshaveabadinturtion

when it comes to randomness
Random Variables Thinking Fast and slow

Calculating probabilities by Daniel Kahneman

using pmf and polf
Multivariate random variables

Conditional and marginal probabilities
Representing random features labels and datasets
Functions of random variables

Expectation and variance

Warnings If some things seem informal it is

ikely because we would need tools from Measure

Theory which we will not cover in this course

Experiment A process that generates an uncertain outcome

Ex flipping a coin rolling a dice

theset of all outcomes fromthe experiment

Tails flipping a coin

X 1,2 3,4 5,6 rolling a dice

0,900
amount of a chemical in a wine

R
measurement error



The outcome space set can be either a

1 countable
cardinality finite or
countablyin finite

2 uncountable set cardinality is uncountably
infinite

Event A subset of the outcome space imprecise

E Outcome space Y 0 Tanoitcome is a

single element of
Events 0 1 0 1 the outcome set

II Outcome space X 1 2,3 4,5 6

Events X 13 1,3 5 2,4 63 1 2,33

Ex Outcome space 0 900

Events 0 900 0 4 1 2 U 7,30

Probabilitydistributions A function P defining the likelihood

of each event and satisfying certain properties

a set containing all

P event space set 0,1 the events

e
A complicated set T algebra that we will

not define

Properties imprecise



Outcome space Z
disjoint1 P Z 1 events

2 If E.CZ Z and E.ME then

PIE.VE P E PIE

of property 2

ÉEvents E E

EME O EVEEZ

EEE P E PIE

P 7 1 rearranging P E 1 P EY

E Outcome space 0,1

P 6 0 P Y 1 p 03 P 1 3

each event of
an experiment
is associatedwith
a probability

4103 13 401,13 Eatment



E Outcome space X 1 2 3,4 5 6

P 11 P 23 P 63

1 3,53 P 13 P 33 P 53

P X 1

PI

q 3
5 1 3,53 x

imvar i imprecise a variable that takes
a value based on the outcome of an experiment and is associated

with a probability distribution the value can be any randomoutcome

II XE X 1 2,3 4 5,63 with P from prev example
YEY 0,13 with P from prev example
Ze H T

A random variable is actually a function satisfying
certain properties from one outcome space to

another outcome space Ex X T O X H 1

It will not be necessary to know this for this course



E hIEx
P 1 3,53 P X 1,3 5 the riv X is an element

WI of the event 1 3,5

P 4,5 63 P xE 4,5 63 P 4

P 543 P xE 43 P X 4

Notation Z P Z is sampled according to distribution p

Discreter.ve tr.v that takes values from
A countable outcome space or

an uncountable outcome space but there is a

countable event that has probability 1
twowaysYEY 0,1 EX 1,213,4 5,6 ZEN todescribe
samediscre

Ex XER where P X 1 p X 6 f experimen

Probability 1 P XE 1,213,4 5,63 1
for countable and P R 1,213,4 5,63 0
event 1,213,45.6

n p x x p XE x outcomes are
all realnumbersbut

I
allprobability that
sum to one is on a
discretenumber of
outcomes

72 5457 ER



Lte You can always take a r v defined on a

countable outcome space and define it on a larger
uncountable outcome space bysetting the probability
of the event containing all the new outcomes to zero

cusr.v.i.AM v that takes values from

an uncountableoutcome space and the probability
of

any singleoutcome is zero

Z E 0,900 and P Z z P ze z3 0 for all zE 0,900

but P ZE 0,9003 1

ZER and P Z z P Ze t 0 for all ZER

but PIZER 1

II.EE I anetnevanesot

probability distribution P for all the events

ProbabilityNassFunction21 A function p Z 10,1

where Z is a discreteoutcome space and Ez p Z 1

The probability of an event EC Z is

P ZEE Ee plz where ZEZ



Outcome space Y

p 0 PCI I 1
0 1

P YE 0,13 PY p Pll I

P Y O P Y P YE 13 Ʃ ply PA
YER

PIYE PLY 0

pm

Outcome space X

P 1 P 2 peg I 23 45'6

P XE 1 3,53
s PCD PO PCS

IreleProbabilityDstributionewthspecial names

3in tYIrarameteEd
pmf pLD x p10j 1 2

Distribution P Bernoulli a I

P Z 1 P ZEEB PCI α ZE 0,1 is a Bernoulli

r.V.DE

i f.in
L



pmf p 1 p 2 p h th 1
Distribution P Uniform n h

II witharodinphy.ie
density

if ff I
Tiposition 1 1 70 position

ooo ooo qmfmf.immImm
kg kg

12kg kg

TrobabilityDensityfunctionH.ae function p 2 20,0

where Z is an uncountableoutcome space and p
z dz 1

The probability of an event ECE is

P ZEE p zsdz
E

P Z 2 P ZE z 0 where zEZ



ie i i t Ei
paf plz

pfIDistribution P Uniform a b

Plaez c p ZE a c plz dz

where a c b

FIi.ie i I t
µ 0 02 1

polf plz If exp 122212 45 mean

To variance
Distribution P N 44,5 Gaussian yup o

standard
deviation

Ex P 1 Z 1 pczsdz

pA
T small

FI ifme



Éespt iarameterser
polf p z exp 11 141

Distribution P Laplace µ b

11ii.it iiti mann
of different types of events outcomes ofdifferent
experiments at the same time

Et The probability of getting heads and rolling a 3
The probability of a wine containy 2.5mg

of one cheman

A 4mg of another chemical

The probability of ahouse having 4 rooms and 2
washrooms

andbeing less than 10min
front a university

The probability of being young
and having arthritis



y gy g g

YhiihYmVali tuple of more than one

Ex Flipping 2 coins Heads

Outcome space X 0,13 0,1 10,0 0,1 1,0 1,1
r v X X X EX

Collecting the info of one
house ex of rooms age

Outcome space X Nxfx ̅ age
r V X X X EX of rooms

Collecting the info of one house and its price

Outcome space Z Nx tx ̅ xtoT age

r V Z X Y of rooms'TPrice

Xi X Y

Calculating Probability

If you have
arthritis and if you

are young
or old

Old Arthritis
Outcome space Z 0,13 40,13

Young No arthritis
r v Z X Y EZ



pmf p Z O

Not based on P 0 0 p 0,0 p 0,1

real data p 1,0 to p 1 1
3
0

1 11 10 112 11100

1 To 39 100 0,0
1,1

Ey PE EyPlxg Et footto 3 1 for d

What is the probability of being young i e X 0

E 10,0 10,1 03 40,1 CZ

P X O YE 0,13 P ZEE E P Z

03 0,13
P x y

p 0,0 p 0,1

too

YII.io iIIt
thedostrobutionoverasabset

Ex Continuing with the arthritis example



Marginal Distribution H XEE where ExcX

Marginal pmf Px X 0,13 px x Egp
X y

P XESO3
X 0 px 0 Eg Eypco y

X 1

0
3
0 40

10 1,0
400

IT 10,1
0,0

l

Discrete r.v Xi Xd

X Xi Xd EX x xXd X p X 0,17

sum over everyPx X 0,13 it 1 9 elementexceptx

arginal px Ex EE E.exiiEcx P Xm iiaiia 1Xdpmf

Rx XiEEi EE PxilXi where Ei CX

continuous rov Xi Xd

X Xi Xd EX x xXd X p X 0,8



Px X 0,0 it 1 yd

arginal Px Mi xddxi dxmdxii.depolf

Distribution Rx Xi EE px dx where E CX

ability of

Ex Probability that I have arthritisgiven I am young

Let r v YET EX

Discrete Y for any EX that x 0

Pyix x Y O D Pyxx Y Prix Y X

conditional

pmf pynly x P implies Egypenly
1

Distribution Rix YEEylX x EyePrix Y where E C Y

Continuosu Y for any EX that x 0

PYix x Y 0,0 Pyxx Y Prix Y X



conditional

pdf Pynly
P implies fyPexlylx dy 1

Distribution Rix YEE X x Pax YIX dy where E C Y

f f pay puppy p lynx pix

p X X2 a P Xa Xi Xd P X Xz p X2 P X

3ayes.ru e
pixiys py1If

Note Sometimes the subscripts are not used

for marginal and conditional distributions
when it

is clear from the context

P X Y Pxe x y

P x Px X

p glx Prix y x

Probability that I have arthritisgiven I am young

P 441 20 Prix Y 0



Arthritis Young pyx 1 0

1011,0
no R
oil

0,0 3700

1,1 B po
pongtigoing

111
7 0 4,41

s

E Probability of being younggiven I have arthritis

P X O Y 1 pxx 011

Bayes peRule

o 40

Independence Changing the value of one rov doesn't

affect the probability of another rov



riv X Y are independent if plx y pyx pyly

since p x y pixly pay p x pcylxj PCXJP.ly

independence implies pixly Pex ply x ply

Moregenerally
X1X2 Xd are independent if p X Xd plx p Xd

Similarly for distributions

riv X Y are independent if P X Ex YEE PXEEx P YEE

EI X Y are not independent for Arthritis ex

p 0 1 Px O pell
5 4

0
0.204

EX X1 X2 0,1 are flops of two different fair coins

P X X2 forall X EX xz Xz H T

H
px.lx.JP 41 4

T


