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Typo in general formula for marginal distribution

1,2 3,4 5,63

outcome 3 3

event 4,5 63

P 4,5 63 P X 94 5,63



EE.is i i i i
you really care about inputs are events

You should think of the pmf and polf
inputs are outcomes as functions that

help you calculate P

Countableset A set with cardinality that is
finite or countably infinite

Octablesets A set with cardinality that is
uncountably infinite

No more discrete or continuous outcome space

Review discrete and continuous rov

A v.v does not need to take values in R



Motivations Supervised Learning Learning from a

Elympiad batchof labeled data

Dataset
Learner Predictor
function Model

tuple of tuples Hypothesis

fxi.no o
function

D EE Yi Frye _Linen f X Y

DE XXY t a function from features
to labels

Xi Y Ry E fix 2 1 X R
independent for all if 1 sn

D n feature label pairs A 9 Eff X Y

set of features A a function fromdatasets
Y set of labels targets to predictors
E X R Y R Ex A D f where f x Y

fix
if X X for some
i 1 n

0 otherwise



Probability
EtesHumanshaveabadinturtion

when it comes to randomness
Random Variables Thinking Fast and slow

Calculating probabilities by Daniel Kahneman

using pmf and polf
Multivariate random variables

Conditional and marginal probabilities
Representing random features labels and datasets
Functions of random variables

Expectation and variance

Warnings If some things seem informal it is

ikely because we would need tools from Measure

Theory which we will not cover in this course

Experiment A process that generates an uncertain outcome

Ex flipping a coin rolling a dice

theset of all outcomes fromthe experiment

Tails flipping a coin

X 1,2 3,4 5,6 rolling a dice

0,900
amount of a chemical in a wine

R
measurement error



II.frmespacItffiIteorcountablyinfinote

EI.IE fspantablyintiniteIvent
A subset of the outcome space imprecise

E Outcome space Y 0 I

Events 0 1 0,1 3

II Outcome space X 1 2,3 4 5 6

Events X 13 1,3 5 2,4 6 1 2,3

Ex Outcome space 0 900

Events 0,900 0,4 1,2 U 7,30

srobabilityDistribution i.lt function P defining the likelihooo

of each event and satisfying certain properties

yet
think of this as a set

P event space set 0,1 containing all the events

A complicated set o algebra that we will

not define

Troperties imprecise



Outcome space I

1 PIZ 1

2 If E.CZ EEZ and E ME then

PIE.VE P E PIE

of property
Events E

C

ERE O EVE Z

PIEVE P E PIE

75 1 rearranging PCE 1 PCE

Outcome space Y 0,1

P 07 0 PLY 1 P 03 P 13

1

4103 13 401,13 9



Ex Outcome space X 1 2 3,4 5,6

P 11 P 23 P 63

1 3,53 P 13 P 33 P 53

P X 1

P1

6 is 1 s s x

RandomVariables
2andomvariable r.vn imprecise A variable that takes
a value based on the outcome of an experiment and is associated

with a probability distribution thevalueisalysi.nl

I XEX 1 2.3.4 5,63 with P from prev example
YEYE 0,1 with P from prev example
ZE EH.tisnotar.v.sinceHE.TK

A random variable is actually a function satisfying
certain properties from one outcome space to

another outcome space EI X T O H 1

It will not be necessary to know this for this course



ex

P 1 3,53 P X 1,3 5

P 4,5 63 P xE 45,63 P X 4

P 543 P XE 43 P X 4

rotation Z P Z is sampled according to distribution p

Iiscreter.I.Ar.tl that takes values from
A countable outcome space or

an uncountable outcome space but there is a

countable event that has probability 1

YEY 0,1 X 1,2 3,4 5,6 ZEN

XER where P X 1 P 6

Probability 1 P X C 1,213,4 5,63 1
for countable and P R 191 2,3 4 5,63 0
event 1,234,5163

a p X x PLXE x

f

IT ER



Ite You can always take a r v defined on a

countable outcome space and define it on a larger
uncountable outcome space bysetting the probability
of the event containing all the new outcomes to zero

C nuousr.LA r v that takes values from

an uncountableoutcome space and the probability
of

any singleoutcome is zero

Z E 0,900 and P Z z P ze z3 0 for all z 0,900

but PIZE 0,9007 1

ZER and P Z 2 P 2 423 0 for all ZER

but PIZER 1

G.fi I i i anetnevainesot

probability distribution P for all the events

srobabilityhassfunc.to IE A function p 7 10,1

where 2 is a discreteoutcome space and Ene p
2 1

The probability of an event ECZ is

P ZEE EE plz where ZEZ



Outcome space Y

p 0 PCI I 1
0 1

P YE 0,13 PY p Pll I

P Y O P Y P YE 13 Ʃ ply PA
YER

PIYE PLY 0

pm

Outcome space X

P 1 P 2 peg I 23 45'6

P XE 1 3,53
s PCD PO PCS

IreleProbabilityDstributionewthspecial names

3in tYIrarameteEd
pmf pLD x p10j 1 2

Distribution P Bernoulli a I

P Z 1 P ZEEB PCI α ZE 0,1 is a Bernoulli

r.V.DE

i f.in
L



pmf p 1 p 2 plh

Distribution P Uniform n

II.to harodinphyses
density

if 1 51 I
turn position

oooo oooo mail.mnfimI
Ekg Ekg Ekg Ekg

srobabilityDensityfunctionEH.ae function p 2 cop

where Z is an uncountableoutcome space andfp z dz 1

The probability of an event ECE is

P ZEE fp E dz

E

P Z 2 P ZEEZ 0 where ZEZ



IE t i i i
p

port pitta t.at qff

Distribution P Uniform a b

PlaEZ C P ZELA PE dz É
where a c b

if.iefCaramebrs
e.aos

polf p1Z gexpf 2 45

Distribution P 44,7 Gaussian µ
2

Ex PHIZED padz

p
a

1
small

it iiIhs



IEIeb.fi
arameters uer bos

polf p Z exp 1 141

Distribution P Laplace µ b

Hrarraterndomverables
Motivation To be able to talk about the probability
of different types of events at the same time

EI The probability of getting heads and rolling a 3
The probability of a wine containy 2.5mg

of one chewan

and 4mg of another chemical
The probability of ahouse having 4 rooms and 2

washrooms

andbeing less than 10min
front a university

The probability of being young
and having arthritis



y y y y y

YHIY.fm
domtarrab tuple of more than one

Flipping 2 coins Heads

Outcome space X 0 13 0 I 10,0 10,1 1,0 1,1
r v X X2 EX

Collecting the info of one
house ex of rooms age

Outcome space X N ETF age
F V X X EX of rooms

Collecting the info of one house and its price
a ageOutcome space Z N 8 O

npnF V Z X Y of rooms

X X Y

CalculatingIProbability
If you have

arthritis and if you
are young

or old

Outcome space 2 8 4 0 Garthritis

Young NoarthritisF v Z X Y EZ
0 0 0 1 I 0 I 17



0,0 0,1 1,0 1,17
pmf p Z O D

Not based on P 10,0 p 0,0 p 0,1 too

real data p 1,0 p 1 1
3

Y 1110 1,0

0 112 11100 0,1
1 To 39 100 0,0

3
0

1,1

EEP play It footto 3 1

What is the probability of being young i.e.X 0

E 10,0 10,1 0 0,1 CZ

P X O YE 0,13 P ZEE EEP
03 Egg

P X Y

p 10,0 p 0,1

It

1 ff.io tIthedostrobutionoverasubset
Ex Continuing with the arthritis example



Marginal Distribution I XEE where ExEX

Marginal pmf Px X 0,13 Px X yP
X y

P XE 03
X 0 Px10 yPC0 Y

5

X 1
3
0 40

10110
Yoo

1 10.1
0,0

Discrete riv Xi it

dXXi Xa EX x xXd X p X 0,17

Px X 0,13 it 1 yd

arginal Px Xi Ex E.exi.E.ex.IE Ppmf

Rx Xi Ei EE Px where E CX

continuous r.ro Xi Xd

Xi Xa EX x xXd X p X 0,8



Px X 0,0 it 1 yd

arginal Px is A dxi dxiidxi.dk
polf

Distribution Re Xi Ei Px dx where E CX

EIj.it
n

babolityof

Probability that I have arthritisgiven I am young

Let r v YEY EX

Discrete Y for any xeX that x 0

PYix x Y 0 D Pyxx Y Prix Y
conditional

pmf pyxly x P implies yPex yl
1

Distribution Rix YEE X x EEPex Y where Eycy

Continuous Y for any EX that x 0

PYix x Y 0,0 Pyxx Y Prix Y X



conditional

pdf Pynly
P implies fyPexlylx dy 1

Distribution Rix YEE X x Pax YIX dy where E C Y

f f pay puppy p lynx pix

p X X2 a P Xa Xi Xd P X Xz p X2 P X

3ayes.ru e
pixiys py1If

Note Sometimes the subscripts are not used

for marginal and conditional distributions
when it

is clear from the context

P X Y Pxe x y

P x Px X

p glx Prix y x

Probability that I have arthritisgiven I am young

P 441 20 Prix Y 0



Arthritis Young pyx 1 0

1110110
no Pff1
10,1

0,0
3

0

11,1

condition on

being young

7 0 54,4 1

s

Probability of being younggiven I have arthritis

P X 014 1 Pxe 011

Bayes p fRule

o

Independence Changing the value of one rov doesn't

affect the probability of another rov



riv X Y are independent if plx y pyx pyly

since p x y pixly pay p x pcylxj PCXJP.ly

independence implies pixly Pex ply x ply

Moregenerally
X1X2 Xd are independent if p X Xd plx p Xd

Similarly for distributions

riv X Y are independent if P X Ex YEE PXEEx P YEE

EI X Y are not independent for Arthritis ex

p 0 1 Px O pell
5 4

0
0.204

EX X1 X2 0,1 are flops of two different fair coins

P X X2 forall X EX xz Xz H T

H
px.lx.JP 41 4

T



whathappenswhenz.lyft fst
p XxY pmforpolf Ans neither

Instead we will write pixiy in terms of a

marginal polf for X and a conditional pmf for YIX

pay ÉP CpyxCyI product rule

where pylx x Y 0,1 is a pmf
Px X X 0,0 is a pdf

Ex EX 0,900 Ye Ye 0,15 Barolo

Pdf Px Uniform 0,900 fog
Px X

too 400

Prix Bernoulli 00 8 Py x 71100

smf Pylxlyl 00
if 7 1

4 i
1 if 4 0

Defn of
Bernoulli Foo

P X E 0,50 4 1 ply d

Peixylx pxl dx



Ix px x dx

If too

81 0

5 259

648 0 154



ZepresentingRandomfeatures.ae s andDataset

ez.x.xz.az since Z Zi Zn

Zi xi̅ Yi EX Y Z each Z is a feature label
pair

Xi Xi d Rᵈ X x ̅ is a feature vector

for D E marginal distribution for Z

assumptions

1 Xi Y Z are indendent for all it 1 n

2 Pz Pzi Pz Pz all Z have the same distribution

Xi Y are independent and identically distributed i i d

Z.EE Zn En B Z.EE Plz ZEE
6

P Z.EE B Z.EE
Equivalently

J xi̅ Yi X Y XX
where x ̅ Yi yPx ̅ y are idependent for all i 1 n

sampleddistributed accordingto



1 contains n independent samples of i Yi

feature label pammcofrothe same

Tbuofnk.ie

EII.it
e

Ex is a fair six sided dice

1 2,3 4 5,6 X with p x

6 is a r Vf x
XEEYIIIEI.fi forfw

Notice f X 9

Sometimes we give the r v a new symbol

Y f X X

PY Y Panly f where y E 1 2 3 4 5 6

In this case
py x2 p x where EX

ex Py 9 Py 3 p 3



X is the payout from a slot machine

10,10 with p x
0 D Uniform 10,10

Y f X XE 0 100 9

PYLY If much more complicated

In general py is complicated and we will not

need to know how to calculate it

II.FIgndtearnerarefunctionsof.X
X Xz tER X with Pe

predictor f x y where Y R

f x ̅ 3 6 2.5 2 is a r v with values in

and has some distribution Pfy

learner

D X Y X Y E Xxy with Po



Learner A Xx 9 flf X 93 7

A D f is a r v with values in

example and has some distribution Pacp
u

if D 7 6 12 2.5 where n 2 X R Y R

then f can dx

This means we can talk about things like

What is the probability the Predictor f x ̅ outputs
some value y

What is the probability the Learner ALD
outputs some predictor f



Expectationandvariance
E edvalueofar.ve average value of the i v

if you sample from its distribution infinitely many
times
The r v must take values in R

It is not always the value we expect to see most

frequently that is the mode

EX is a r v with pmf orpolf p

E Ex Pax if X is discrete

xp x dx if X is continuous

EI fair six sided dice

1,2 3,4 5 6 X and P Uniform AG

thus p x

E X
EXP x 1 f 2 f 3 f 4 f 5.1 6

3.5

This is not an number you can roll on a dice



Unfair coin

C 0 I and P Bernoulli α

thus p t α plo 1 α

ELX Exxpext o.ci a 1 α

α

This is not a result of a coin flip unless 2 1
or 2 0

Normal distribution

ER X and P N µ
thus put e expf 1 45

ELD
r expt 1 45 dx

Youdon't
µeed to know

pdf Phe steps small

it iihe



EE.EE
The function f X 9 must have Y R

E f XD Ef Pex if X is discrete

f Pex
dx if X is continuous

X is the payout from a slot machine

10,10 with p x
0 D Uniform 10,10

Y f X X 0 100 9

PYLY If much more complicated

E FIX fix pendx dx

I 1 1
10 1 1 1 to

28 33.333



It turns out

E FIX E Y fypely dy
exercise

33.333

Usually we don't know py Pax

So we work with p

V ceofar.ve How much the v.v varies from
its expected value on average

EX is a r v with pmf orpolf p

Vary

EIFEL
EXT EXT

this is just a function of the r v X

Unfair coin

C 0 I and D Bernoulli α

thus p 1 α plo 1 α



ELX Exxpen o.ci a 1 α

α

Var X E X EX

Ex X FLAPPED

0 x 1 2 1 25 α

α 2 α 2
2 23

α 22

α 1 2

or Var X ELX E XP

EXP x 22

0 1 2 f α 22

1 2

Normal distribution

ER X and P N µ
thus pas 0 exp f 45



ELD
e expt 1 45 dx

Youdon't
µeed to know

he steps pA

Var 02 T small

it iidsm

f Xxy R

Eyfey p x y if X Y are discrete

Syfix y p x y dydx
if X Y are continuous

a
npyyp.ua

if e s discrete
and is continuous

Fx S fix y plylx dy pex
if Y is continuous
and is discrete



you can always use
p x y p.LY XJPCX P Xly pCx

Ex EX 0,900 Ye Ye 0,15 Barolo

Pdf Px Uniform 0,900
1

Px X

too 400

Prix Bernoulli 00 8 Py x 71100

smf Pylxlyl 00
if 7 1

f i
1 if 4 0

Defn of
Bernoulli Foo

f X Y Y

E f X Y sxfyfaysplyixfpexsolx

fE.com o Y ply1x pix dx

1 0 0 1 400 151 0



I 11

li d
f

I
E

aeP

Pyix is a conditional part or polf
f y R

E FLY X x Eyf PLY if Y is discrete

fupply x if Y is continuous



YIY.PE aceRbea constant

1 E CX CELX

2 E Y ELX ELY
3 ELY E ELYIX

4 Var c 0

5 Var X c Var X

If X and Y are independent

6 ELXY ELX ELY
7 Var X Y Var X Var Y


